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Abstract 
Wazwaz, A.-M., On the asymptotic solutions of a differential equation with multiple singular points, Journal of 
Computational and Applied Mathematics 34 (1991) 65-74. 
A singularly perturbed model problem with multiple distinct regular singular points is studied. The uniform 
approximation of Wazwaz and Hanson (1986) is effectively extended to many singular points, thus establishing 
a generalized version of that theorem where the classic inner and outer expansions are not employed. A leading 
order general asymptotic solution is correctly represented by a set of matched exponential asymptotic 
expansions, where each approximation contains dominant and recessive terms. The resonance criteria due to the 
influence of multiple singular points are discussed. For an even number of singular points, the eigenvalues were 
found to be positive with a minimal eigenvalue. However, negative eigenvalues with a maximal eigenvalue arise 
for an odd number of singular points. The maximal and the minimal eigenvalue may not be unique and each is 
O(1). 
Keywords: Singular points, singular perturbations, matched asymptotic expansions, exponential precision 
asymptotics, singular point resonance. 
It is the purpose of this paper to study the effect of multiple regular singular points of the 
singularly perturbed model problem 
P(x)[&U”+f’(X)U’] =sh(x)u, 0 <X -=C 1, 0.1) 
where u = U(X, E). The coefficient functions P(x), f’(x) and h(x) and the parameter s will be 
described later in the next section. In (l.l), the diffusion coefficient &P(x), with P(x) a 
polynomial with n distinct simple zeros, vanishes at the zeros, thus giving rise to n regular 
singular points. The present study deals with finding a leading-order general asymptotic 
approximation of (1.1). The asymptotic approximation is obtained by the direct application of a 
modified form of the uniform methods of [lo]. Our present use of uniform methods and 
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exponential precision asymptotics demonstrates the validity of using these methods for many 
singular points. 
The paper is organized as follows. In Section 2, we introduce the model considered and 
indicate the basic hypotheses assumed throughout our work. As a working approach, we employ 
a generalized version of the uniform reduction theorem of [lo] to construct a leading-order 
uniform asymptotic approximation about each singular point. The approximation developed is 
uniform only when restricted to a corresponding subinterval that includes one singular point. 
Such an approximation can be derived from a linear combination of Whittaker functions with 
exponentially large and small behavior. No single uniform approximation was found to be valid 
on the whole domain. In Section 3, we match every adjacent exponential asymptotic expansion 
on an overlap domain that excludes the singular points. The matching technique consists of 
equating neighboring approximations in the overlap domain. In Section 4, the resonance criteria 
and the associated eigenvalues due to the combined influence of the singular points are 
discussed. We show that two different kinds of eigenvalues arise depending on the number of 
singular points n. The singular point dominated eigenvalues are found to be positive with a 
minimal eigenvalue if n is even, whereas they are found to be negative with a maximal eigenvalue 
if n is odd. The maximal and the minimal singular point eigenvalues are found each to be O(1) 
compared to the O(E) turning point maximal eigenvalue. In Section 5, we conclude our results 
and conclusions. 
2. The model problem 
The primary focus of this work is to find a leading-order asymptotic approximation for a 
singular perturbation problem for a second-order ordinary differential equation. As a model for 
our study, we consider the singularly perturbed equation 
P(x)[EU”+f’(X)U’] =sh(x)u, 0 <x < 1, (2.1) 
where P(x) is the n th degree polynomial 
p(x) = ,fii (x - a;). (2.2) 
This form for P(x) introduces n regular singular points for (2.1) at x = ai, 1 4 i G n, where we 
assume 0 = a, < a2 < - . . c a,, = 1. The coefficient functions S’(x) and h(x) are well-behaved 
positive functions, so h(x) is not a factor of the polynomial P(x). The parameter s corresponds 
to an eigenvalue parameter. For reference below, we partition the domain into n subintervals I,, 
1 G i < n defined by 
I,= [a,, a*) 
Ii= lj=(aj-l> aj+l), j=2,3,4,...,n-1, 
i 
(2.3) 
I, = (a,-,, 4 
such that each subinterval 1, includes only one singular point. 
A leading-order asymptotic approximation about each singular point is to be constructed, such 
that each approximation is uniformly valid in one subdomain 1;. The approach to be followed 
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depends mainly on the form of the uniform approximation theorem which was developed in [lo] 
for a single singular point. Here, the theorem will be effectively extended to many singular 
points, thus developing a generalized version of the uniform method of [lo]. In addition, the 
uniform method will be modified so that only leading-order terms are retained. A review is made 
below showing that this method rests upon applying the comparison equation method and using 
proper amplitude functions as well. 
As a working hypothesis we introduce the order-one generalized uniform variable y, = y,( x) 
for the corresponding interval Ii, assuming that yi( a,) = 0, but y,‘( ai) < 0 for i even and 
y,‘( ai) > 0 for i odd. In view of this assumption, a system of comparison equations is con- 
structed, where for each i, there exists one comparison equation that preserves the behavior of 
the model (2.1) in the corresponding subinterval 1,. We point out that the original equation (2.1) 
matches the corresponding comparison equation in that both have one distinct zero at the 
subinterval I,. The solution of the original equation has been shown to be asymptotically 
equivalent to the explicit solution of the comparison equation, at the corresponding subinterval 
Ii, upon introducing proper amplitude functions. The comparison equation valid at 1, can be 
easily derived from (2.1) by letting x + a, and retaining only the leading terms in the coefficients 
of u, u’ and u”. 
Accordingly, the system of the comparison equations is 
where 
and 
&yiWi”+6y;W,‘+kiW,=0, ‘= -JL 
dYi ’ 
6 = ( -l)lfl, 
In (2.6), the product notation term means that we should omit the factor where r = i, e.g for 
n=3 
Note that ki -c 0 for n odd and ki > 0 for n even. 
Introducing the fast varying stretched variables 
j&y, 
1 
E ’ 
carries the system (2.4) into 
~w,"+6~w;+k,w;=O, ‘=A. 
I 
The normal Liouville transformation 
(2.7) 
(2.8) 
(2.9) w,=ui(y) exp(-+8x) 
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converts (2.8) to a system of Whittaker’s equations [l]: 
uI’(r,) - $ - $ u;(F) =o. 
i i 
(2.10) 
I 
Combining (2.9) with the solutions of (2.10) yields the general solutions of (2.8) as: 
w;=exp(-:6~)[A,W,(k,, r;) +BiW,(ki, &)I, (2.11) 
where IV, and IV, are the modified forms [lo] of Whittaker’s functions, such that IV, and IV, are 
respectively exponentially small and large for large y. The modified versions IV, and W,, and 
their complete standard expansions are found in [lo] and [4]. The constants Ai and Bi are as yet 
undetermined. 
In [lo], a uniform representation of the solution near a singular boundary point is developed. 
It might seem reasonable to present an outline of the uniform-approximation development. In 
this outline, only the form of the analysis is emphasized, because the technical details are found 
in [lo]. On a composite subdomain which includes a singular point at x = a for example, a 
uniform asymptotic representation of the solution u of a model problem with only one distinct 
zero at x = a is of the form 
+, e) = @Y, &(Y) + &Y, E)WJY), (2.12) 
where w(Y) satisfies the corresponding comparison equation of that model, and A? and E are 
the well-derived amplitude functions used as multiplying factors. Besides, A? and A are regular 
functions and A? is normalized such that A?(O, E) = 1. The order-one uniform variable Y(x) is 
easily deduced and its domain of validity does not extend to any other critical point if it exists. 
Moreover, in [9] and [lo] it was formally proved that the amplitude functions A? and 13 are 
related by the identity 
G(Y, 4 =a ti(Y> 4 - y’(x)$qy, E) , 
i 
y’(a) I (2.13) 
where 6 is given by (2.5). Noting that A?( y, E) is assumed to have a Poincare expansion as E + 0, 
and using the stretched variable 
Y=f, (2.14) 
which when substituted in (2.12), retaining only the leading-order terms, immediately gives the 
formal leading-order uniform approximation 
u=GJy)w(Y) +a q)(y) - ( y'(a) y’( x)ti,( y) i wy(y), (2.15) 
where A&,(Y) is the leading-order term of A?( y, E). 
The preceding analysis opens the way 
subintervals Ii, using (2.15) there exists 
tions of the form 
to develop the following generalized technique. For the 
a sequence { ui } of leading-order uniform approxima- 
- (2.16) 
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where ui is valid for the corresponding I,, but breaks down on the other subintervals. The 
leading-order amplitude functions M, are weakly varying, normalized such that M,(O) = 1 for 
every i, with Mi an 0( 1) function of y,(x) only. 
To determine ui, we need to determine the unstretched variable y,(x) and the amplitude 
function M,. To achieve our goal, we differentiate (2.16) twice, replacing w,” in terms of y’ and 
w, using (2.4) substitute in (2.1) and collect the coefficients of E“w,’ and 8wi, k 2 0. The 
coefficients of these linearly independent functions must vanish separately. Hence, the terms of 
order E’w,’ give 
(‘Yi -f’(x)) = O, (2.17) 
and therefore 
Y,(x) =SLyf’(t) dt=S[f(x) -f(a,)]* 
As x + ai, it is clear that yi - Gf’(ai)(x - a,). 
The terms of order &‘wi yield 
M;’ - 6gi(yj)Mi = 0, 
where 
(2.18) 
(2.19) 
ki h(x) gi(Yi) =yi + Sf~(~)f’(~)~,‘. (2.20) 
We overcome the singular behavior of gj( y,), and hence Mi( _vi) as yi -+ 0 for every i, through the 
selection (2.6). Integrating (2.19) yields 
(2.21) 
Combining (2.11) with (2.16) implies that the formal asymptotic approximation ui, uniformly 
valid in Ii, has the form 
[A;Wl(ki, r;) + BjW,(ki, x)] 
)[aiJ+‘l’(kiT F) +BiK’(ki, K)])> 
dW 
Wd=<, m=1,2. (2.22) 
The multiple uniform representation to leading order is thus 
Ul on 4, 
u2 
u(x, E) = . 
I 
on 12, 
. (2.23) 
. . 
. . 
un on L 
where ui, u2,..., u, are given by (2.22). 
70 A.-M. Wazwaz / Asymptotic solutions for multiple singular points 
The key advantage of using the uniform method and the concept of exponential precision 
asymptotics is that we are working with a fundamental set of solutions including both exponen- 
tially small and exponentially large terms. This can be easily emphasized by examining (2.22). 
The neglect of exponentially small terms leads to the neglect of one of the independent, 
fundamental solutions for a second-order ODE. Asymptotic theory requires the strength of 
superposition for linear second-order ODE. Therefore, it is essential for singular perturbation 
problems that exponentially small terms be included as well as exponentially large terms to get 
correct results. This is rigorously studied in [lo] and [4]. 
3. The matching principle 
For u(x, E) to be correctly represented by the sequence of approximations ui, i = 1, 2,. . . , ~1, 
we require that every pair of neighboring approximations u, and u,+~ share the same functional 
validity on the overlap subinterval 
L,=I,nI,+,, r=l,2,3 ,..., n-l, (3.1) 
excluding the singular points a, and a,, 1. To perform the matching, we first define 
h(x) Yr'+ 1 wx> = p(,)fyx) s - $k - y,+lkr+l. (3.2) 
Without loss of generality, we may assume 6 = - 1 for i = r, and hence 6 = + 1 for i = r + 1. 
With this choice for S, inserting (3.2) into (2.21) yields 
M = r,+d%> kr+’ 
r 
i I Y,+dx> exp[@(x) - ffhJ>l y 
M 
K(x) kr 
r+1= 
i i r,h+J 
ew[s( W-4 - Wa,+l))l. 
For reference below, the stretched variables Y and Y,,, are related through f( 
r, + Y+1= f(4 -f(%+1> E > 
obtained by using (2.7) and (2.18). 
The leading-order expansions for WI, W,, IV,’ and IV; (see [lo, p.9541) are 
W,(c, Z) - Z’exp(-+Z) + O(E), 
W,( c, Z) - Z-’ exp( +Z) + O(E), 
K%, Z) - - :Zc exp( - *Z) + 0( &), 
W;(c, Z) - ++Z-” exp(+Z) + O(E), 
(3.3) 
(3.4) 
,) by the identity 
(3.5) 
(3.6) 
as Z + co. Substituting the expansions (3.6) into (2.22), the two overlapping asymptotic 
expressions of u( x, E) on L, have the form 
u, - A,M,Yrkr + B, P-7) 
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The nonexponentially varying terms of u, in (3.7) and of u,+i in (3.8) are equated, and using 
the expansions (3.3) and (3.4) we find 
B 
A,= +, (3.9) 
where the constant K is given by 
K= (y,+,(a,)>“r+‘(y,(a~+~))~r exp(@(a.+J - H(A). 
Next, equating the exponential varying terms of (3.7) and (3.8) yields 
(3.10) 
> (3.11) 
since 
Y:(x) = -.K’+1(xL (3.12) 
and using (3.3)-(3.5). We note that B,. in (3.11) contains the exponentially large factor, since 
f(x) is an increasing function of x. We point out that this exponentially large constant is not 
discovered until the matching analysis is complete. 
This completes the asymptotic matching of every pair of neighboring approximations where 
one set of constants is determined in terms of the other set. The remaining set of constants can 
be determined using specific boundary conditions. 
The matching results (3.9) and (3.11) confirm our belief that exponential precision asymptotic 
is thus essential for determining the two sets of matching constants. However, exponential 
precision was also employed for nonuniform approximations in [5]. 
4. Singular points resonance 
In [2], a type of resonance was introduced in which the solutions do not vanish exponentially 
in the interior of the domain, but rather converge to a nontrivial solution of the reduced 
equation. This was related to a pure turning point perturbation problem. Several investigators 
discussed this phenomenon and established sufficient conditions that exhibit turning point 
resonance. They found that this peculiar behavior occurs when the parameter s is exponentially 
close to an eigenvalue. In [3], the largest or maximal eigenvalue was found to be O(E). In [ll] it 
was shown that the maximal eigenvalue is exponentially small and negative. (For more details see 
[3] and [ll].) 
In a similar manner, another type of resonance called the singular point resonance caused by 
the singular perturbation of a singular boundary-value problem was introduced by [7]. Very little 
research work has been performed on this resonance type. In [5,11], both resonance types have 
been shown as being associated with the eigenvalue problem. In [ll], the eigenvalues related to 
singular and turning point resonance were calculated to first order in E with exponential 
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precision. The combined influence of singular and turning point resonance was discussed in 
[3,5,6,111. 
In this section, we focus our concern on the eigenvalues principally associated with the 
singular points resonance. We first introduce the general formula 
which represents a general stretched variable at any singular point. 
takes the form 
O&’ + 2so,uz: + 2k,u; = 0, 
d 
’ = - 
d@; * 
Setting 
u~=+@~u~(@~) exp[-+(6+1)Q1,1, 
where 
CI$ = 20,, 
(4.1) 
It then follows that (2.1) 
(4.2) 
(4.3) 
(4.4) 
converts (4.2) to the system of associated Laguerre equations of first degree: 
CD+;’ + (2 - @;)u; - (1 - ki)Ui = 0. (4.5) 
Following [3], we conclude that the leading terms for the singular point dominated eigenvalues 
are given by 
(4.6) 
for 1 < i G n, and the eigenfunctions are given by 
ui = Oj exp[ - (S + l)O;] Lz’(20,), (4.7) 
for the Laguerre function L, (‘) for nonnegative integer m. 
In view of (4.6), it follows that two different cases arise depending on the number of singular 
points n. For n odd, it is easily seen that all eigenvalues are negative. The maximal eigenvalue in 
this case is O(1) compared to the O(E) maximal turning point dominated eigenvalue as shown by 
[3,5,7,11] among others. To give a clearer idea of these eigenvalues, we consider n = 3, without 
loss of generality. We find three subsets of eigenvalues due to the three singular points given by 
Si3)= -fh;(aql:(n 1 -a')(~.2 2 1 -a,)(m+l)<O 9 
s2’3’= f’b2) 
h(a2)@2 - au2 - a3Km + 11 < 07 
$3’ = _ f’(a3) 
h(a,)(a3 - db3 - a2Nm + 1) < 09 
(4.8) 
for m = 0, 1, 2, 3,. . . . 
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For n even, (4.6) produces positive eigenvalues for each singular point. A minimal eigenvalue 
of O(1) is introduced. To study the behavior of eigenvalues in this case, we consider, without loss 
of generality, n = 4, thus we have 
h(a4jb4 - db4 - a2)b4 - a3)b + 1) ’ 0. 
(4.9) 
The analysis which has been presented thus far opens the way to develop the multiple resonant 
conditions. The combined influence of any combination of any possible number of singular 
points exhibits a multiple resonant condition. This occurs when eigenvalues from distinct 
singular points coalesce. Besides, the maximal eigenvalue, and so the minimal eigenvalue, may 
not be unique. This is easily verified by examining (4.6) for m = 0, and deducing the conditions 
that make more than one maximal (minimal) eigenvalue to arise. A careful consideration of (4.6) 
shows that the multiple resonant conditions and the uniqueness behavior depend mainly on 
several factors, and they are f’(x), h(x), m, and the distance between the singular points. As 
discussed earlier, the necessary conditions for more than one eigenvalue of (4.6) to coalesce can 
be deduced. We refer to [ll] and [9] for further discussion. Also see [6] for a useful summary. 
5. Discussion and results 
A leading-order, matched uniform asymptotic approximation has been constructed for a 
singular perturbation problem with n distinct regular singular points. The procedure followed 
consists of developing uniform approximations of (2.1) such that each applies in a subinterval 
containing just one simple zero of the polynomial P(x), then patching these solutions together to 
cover the domain containing all the distinct zeros of P(x). It is evident that the procedure 
employed in developing the n expansions of (2.22) is very effective in dealing with multiple 
singular points, and has the advantage of simplicity compared to the n inner and the (n - 1) 
WKB outer solutions usually used by investigators. However, a global uniform approximation 
valid for the whole interval is not known. 
This n-member composite approximation (2.23) results from matching every pair of neighbor- 
ing approximations. This matching is carried out by matching separately the purely dominant 
and recessive terms of the neighboring approximations. 
A global approximation is obtained for the eigenvalues associated with the resonance criteria. 
Our use of a general stretched variable led to a system of Laguerre equations of first degree 
which made the calculation of resonance conditions relatively explicit and easier. We found that 
negative eigenvalues with a maximal eigenvalue and positive eigenvalues with a minimal 
eigenvalue are obtained for n odd and even respectively. Besides, we showed that the maximal 
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eigenvalue and the minimal eigenvalue are not necessarily unique. In closing, we discussed the 
combined effect of any combination of these eigenvalues that exhibit the multiple singular 
resonance conditions. The coalescence of more than one eigenvalue gives rise to the multiple 
resonant condition. 
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